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Abstract

We develop a generalized real-space effective medium super-cell approximation
(EMSCA) method to treat the electronic states of interacting disordered
systems. This method is general and allows randomness both in the on-
site energies and in the hopping integrals. For a non-interacting disordered
system, in the special case of randomness in the on-site energies, this method is
equivalent to the non-local coherent potential approximation (NLCPA) derived
previously. Also, for an interacting system the EMSCA method leads to the real-
space derivation of the generalized dynamical cluster approximation (DCA) for
a general lattice structure. We found that the original DCA and the NLCPA
are two simple cases of this technique, so the EMSCA is equivalent to the
generalized DCA where there is included interaction and randomness in the
on-site energies and in the hopping integrals. All of the equations of this
formalism are derived by using the effective medium theory in real space.

1. Introduction

Theoretical understanding of alloys and strongly correlated systems such as high temperature
superconductors, heavy fermions and magnetism requires appropriate techniques to obtain
their physical properties. Recently, using many body theory techniques, it has been shown
that both alloys and strongly correlated systems in the infinite dimensional limit are mapped
to a single site which is embedded in an effective medium [1-4]. This can be described
by a restriction on the locality of self-energy, i.e., X (i, j; iw,) = X(iw,)d;;. These single
site techniques for strongly correlated systems and alloys systems are called the dynamical
mean field approximation (DMFA) [5] and coherent potential approximation (CPA) [6, 7]
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respectively. The single site nature of the infinite-dimensional limit implies that the inter-site
correlations and inter-site multiple scattering are negligible. But in the ordinary dimensions,
such as one, two and three, both inter-site correlation and inter-site multiple scattering have a
significant contribution on the self-energy. Therefore not only is the self-energy not local but
also it is very sensitive with respect to the dimension. In order to include such inter-site effects
extensions of CPA were developed using the locator formalism [8—10]. In the propagator
formalism the cluster CPA technique was developed by Nickel and Butler [11] where the
self-energy is not causal. The molecular coherent potential approximation (MCPA) [12] is
formulated in real space with open boundary conditions on a finite cluster which does not
preserve the real lattice translational invariance [13]. Also for interacting systems the cellular
dynamical mean field theory (CDMFT) [14] was developed in real space by dividing the real
lattice into clusters. However, recently the dynamical cluster approximation (DCA) has been
introduced for interacting systems [15]. A version of DCA has also been used to treat disordered
systems [16]. This method improved the CPA by allowing weak wavevector dependence of the
self-energy, ¥ (k; w). The DCA was originally derived on the basis of momentum conservation
in the coarse grained first Brillouin zone (FBZ). Momentum conservation is applied only to
the coarse grained wavevector K,, in the FBZ and in the corresponding Laue function. In this
method a key computational step makes use of a Fourier like transformation of coarse grained
wavevectors K,, to a real-space set of coordinates, R,,. These coordinates were interpreted as
the lattice sites of a real cluster of a real lattice. However, this connection was not established
directly and their K,, are correct for a hyper cubic lattice structure.

Using effective medium theory in real space we have developed a non-local CPA
(NLCPA) method [17]. In this method a cluster of impurities is embedded in an effective
medium, such that all averaged clusters are equivalent and lattice periodicity is preserved.
We also applied NLCPA as a real-space super-cell approximation to explain the resonance
peak that appears in the density of states of substituted Zn impurity in the CuO, plane of
Bi,Sr,Ca,CusOgys [17]. A real-space super-cell approximation which is called the effective
medium super-cell approximation (EMSCA) has been developed by us. We have applied
this technique to a carbon nanotube alloy system. It has been found that the semiconducting
gap of a zigzag single walled carbon nanotube, E,, could be controlled by doping boron
and nitrogen [18]. Here the EMSCA is extended to treat both disorder and interaction
simultaneously. This method preserves both causality and translational invariance; it could be
equivalent to the generalized DCA to include random hopping integrals. The EMSCA method
leads to derivation of the DMFT and CPA for the case of (N, = 1) and it is exact when number
of lattice sites in the super-cell goes to infinity (N, — 00). We show that neglecting the
interaction between electrons in different super-cells, disorder multiple scattering by sites in
different super-cells and also deviations of the hopping integrals, 677, naturally leads to the
super-cell periodicity of the self-energy, X (i, j; iw,), with respect to the super-cell translation
vectors, I'y,. This provides us with the DCA [15] coarse graining of the self-energy in k-space
for a general lattice structure. Note that in contrast to the original derivation of the DCA
in k-space, our derivation is in real space. In the DCA it is not obvious why the Coulomb
interaction where employed should be same as the original lattice model [19]. Furthermore
we are not coarse graining the lattice band structure, in contrast to CDMFT [14].

This paper is organized in the following manner. In section 2 the model is introduced, then
the equation of motion and its corresponding Dyson equation is derived for the next stages. In
section 3 the EMSCA (generalized DCA) formalism is introduced. In section 4 the EMSCA is
applied to a disordered system and the NLCPA [17] formalism is derived. Finally, in section 5,
the EMSCA is applied to a disordered interacting system and a closed set of equations for
performing numerical calculations is obtained.
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2. Model

We start our investigation by studying a general tight binding model for an interacting alloy
system, which is given by

H=— Z l{'ja/C,Tnga'(Saa' + 2(85 — Wi + Z U;;G,ﬁiaﬁja” (D)
ijoo’ io ijoo’

where cl, (ciy) 1s the creation (annihilation) operator of an electron with spin ¢ on lattice site
i, Mg = cng Cio 18 the number operator and tlF'j"' are the random hopping integrals between i and
Jj lattice sites with spin o and o’ respectively. u is the chemical potential and ¢; is the random
on-site energy, where it takes the values —48/2 with probability 1 — ¢ for the host sites and
8/2 with probability ¢ for impurity sites. U{;"’ is a positive or negative interaction potential
between electrons on the lattice sites i and j.

The equation of motion for electrons corresponding to the above Hamiltonian, equation (1),
is given by

d " v
Z ((_ —& + M)ailaﬂﬂ” _ t[‘;” mr”) G (I, jl'/)
lo” 7

+ Z U G3 7 (It It It jT') = 8(t — 1)8ij850r )
IO.H

where 7 and 7’ are imaginary time, G°° (it, jt’) is the random interacting single particle
Green function and Gg”'(ir, it,it, jt’) is the two particle Green function. The random
hopping integrals, 7777, can be defined in terms of clean system hopping, ti(}””, and the hopping
integral deviations, 6777, in a such way that the hopping randomness is included just in the

(St;’j” , where

177 =177 + 817 A3)
where just the second term on the right-hand side of equation (3) is random. The Dyson equation
corresponding to equation (2) for the averaged Green function, G°% (It”, jt'), is [20]

9 oo’ e
Z 8_ —&tu 5”80’0” - t,‘[ 500” G (l‘L’, JT )
lo” T
+ Y / de” 279" (it, It")G"7 (7", jt') = 8(t — 1)8i;800r (4)

where the self-energy, £°° (it, [7’), is defined by

Z<(eiaﬂam~ +8177 850G 7 (U7, jT) + ) U G3 7 (I, Ix, I, m>
lo”

la//
= Z / dt” 2 (i1, It")G? 7 (I7", j1). (5)
I{T”
The imaginary time Fourier transform of equation (4) leads to
> ((iwn + W8i18aqr — 157 8aer — B (i, I iwn)) G (1, j: iwn) = 81800, 6)
la//
where w,, = %(Zn + 1) are the Matsubura frequencies. The space Fourier transform of the
equation (6) is given by

D ((n + 18507 — €% 850 — 77 (3 10,))G” 7 (ks i) = 8501, (7)
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where the self-energy »9°"(k; iw,) is defined by
" 1 " .

7 ki) = ZX]: ST, i iwp)el T ®
and also the clean system band structure, €, " is given by

oo 1 Ooo ,ik-r;;

€ =N;tlj elkrii, )
In the Fourier transformations of these equations the following orthogonality condition,

1 ikery

N2 =d (10)

is used, where the indices i and j run over all N lattice sites in the crystal.
The matrix form of equation (7) in the spinor space can be written as

G(k; iwy) = ((ion + I — ek — B(ks iw,)) ", (1)
where the band structure matrix, €, is
0
€x 0
- ; 12
«=(% ) "
the self-energy matrix 3 (k; iw,) is given by
. Mk iw,)  ZT(K; iw,)
> ion) = <2“(k; ) Tkion )’ 13
and the average Green function matrix, G(K; iw, ), is defined by
. G (k;iw,) GM(k;iw,) .
Gl i) = (G”(k; i) GY(kiw,) ) a4
also, I'is a 2 x 2 unit matrix. Hence the clean non-interacting Green function is given by
G (k; iw,) = (i, + I — &) ™. (15)
So, the real-space correspondence of equation (7) can be written as
G(i. j:iw,) = GO, jiiwn) + Y Gl L iw) S 1 i) G, j: iw,), (16)

mw

where the real-space clean non-interacting Green function, G(i, j; w,), is

1 .
Op- -, _ —iker;j (30 .. 3
G (i, jion) = Xk:e G (k; i), (17)
and the average single particle Green function is defined by

_ 1 . _
GG, jiion) = - Y e Glks ion). (18)
k

Equations (5) and (16) cannot be solved exactly. The single site approximations such
as DMFT and CPA for the interacting and disordered systems are used to solve these
equations [5, 6]. It is well known that in these approximations the inter-site effects have
been neglected. Here our task is going beyond such single site approximations to preserve
inter-site effects. In the next section we introduce our method (EMSCA) and we show that,
for the case of (Stﬁ,"” = 0and Uﬁ,"” = 0, it is equivalent to the NLCPA [17], and also that for
the case of a clean interacting system it leads to a real-space derivation of the DCA [15] for a
general lattice structure.
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3. Effective medium super-cell approximation (EMSCA) or generalized DCA

Consider a random interacting system which is divided into similar volume super-cells where
each super-cell includes N, sites and has original lattice symmetry. The super-cell average
Green function, corresponding to equation (16), is

G, J3iw,) = G(L, Jsiwy) + Y G113 i) (1, s i0,)Goe (', T i), (19)
mw

where I and J refer to sites in the same super-cell and indices [, [’ refer to the whole lattice
sites. Now we apply an approximation (EMSCA) which is based on three assumptions: first,
neglecting interaction between electrons on different super-cells, i.e.,

U =0, ifi and j ¢ same super-cell, (20)

second, neglecting hopping integral deviations, §t7°, when i and j are in the different super-
cells, i.e.,

877 =0, ifi and j ¢ same super-cell (21)

and finally, neglecting disorder multiple scattering and also correlations between different
super-cells. Since in the averaged system the self-energy is due to interactions and disorder
scattering, which includes impurity multiple scattering and interaction correlations, then by our
assumption that there is no correlation and multiple scattering between different super-cells,
we have

(i, j;iw,) =0, if i and j ¢ same super-cell. (22)

Since in the averaged system we have all possible impurity configurations and interaction
contributions with their own weights (probabilities) for each super-cell, so all super-cell
self-energies should be the same. This means that the self-energies in each super-cell are
independent of other super-cells and they are periodic with respect to the super-cell translation
vectors, ry._,

BTy + 1y, iw,) = B (T iwy,), (23)

where I and J refer to sites in the same super-cell and the super-cell translation vector ry;, is
given by

3
ry, =Y m; N aj, (24)
i=1

where N, = N.; N., N.3isthe number of lattice sites in a three-dimensional super-cell, a; are
primitive vectors of real lattice, N,; is the number of sites in the super-cell in the ith direction
and m; are integers. Figure 1 shows ry, for a two-dimensional lattice with periodicity over
nine sites in each super-cell. Note that when N, — oo all super-cells will be coincident and are
equal to the full real lattice. Equation (20) leads to the super-cell periodicity for the interaction
potential matrix, Ug.(Z, J), where

utta, gy ukta,
U I, J) = s 25
“()<%MnUqu 3
which is
Usc(rry +1ry.) = Use(rr)). (26)

The Fourier transformation of equations (23) and (26) implies that

e ke — 1, (27)
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Figure 1. A two-dimensional lattice is divided into similar super-cells of nine sites where each
super-cell has the original lattice symmetry. The arrow indicates the super-cell periodicity vector
ry, = 3aj +3ay, where Noy =3 and N, = 3.

Thus the wavevectors of the self-energy, 3 (K; iw, ), and the interaction potential, U(k), are
restricted to the super-cell wavevectors K,, which are given by

3

ni
K, =) NP (28)

i=1
where b; are the reciprocal-lattice primitive vectors and n; is an integer number. Note that in

the limit of N,; — N; (where the super-cell is extended to the whole lattice) the super-cell
wavevectors, K,,, convert to the following allowed Bloch wavevectors [21],

3
k=Y Zip, (29)

Since the set of {K,,} vectors divides the volume of the first Brillouin zone into N, equal patches,
following the DCA method, we identify the nth patch by its corresponding wavevector K,, that
is located at its centre. Therefore we define the relation between K, and k inside each patch
as follows:

k=K, +K, (30)

where Kk, are the wavevectors inside the nth patch with respect to the centre of the patch.
Figure 2 illustrates the FBZ of a two-dimensional square lattice and the patches where they
correspond to the nine sites of the EMSCA. For one of the patches, the relationships between
k, k’ and the super-cell wavevectors K,, are shown schematically.

Therefore, by inserting equations (28) and (22) into (8) we found that

1 .
oKy iwn) = == > TS, T o). 31
c1J

Also, by applying the EMSCA conditions, equations (20) and (27), to the following exact
relation,

_ 1 + \alkery;
U(k)—N;U(z,ne , (32)
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Figure 2. Relation between k, K, and k), in the first Brillouin zone (FBZ) for a two-dimensional
system with a nine-site super-cell. As given by equations (28) and (30) there are nine different K,
in the FBZ, and so the FBZ is divided into nine equal areas, while each K, is located at the centre
of one of these areas. Each sub-zone should have the FBZ symmetry.

we found a similar coarse graining for the interaction potential,

1 .
UK,) = — Y U, J)e™m, (33)
Ne 473
The inverse Fourier transformation of the self-energy, 3(K,; iw,), to the real super-cell is
. 1 —i .r .
Sl i ion) = o KZe KT (K, i), (34
and similarly for U(K,) it is
1 —iK,r
Ul /) = 5 KZU<Kn>e (35)
where the orthogonality condition in a super-cell is given by
1 .
N e = (36)

By comparing equations (36) and (10) we find that the super-cell approximation is equivalent
to the replacement

ekt a1, (37)

Now by inserting equations (37), (31) and (27) into (18), the super-cell average Green function,
G (1, J; iw,), is given by,

~ . 1 iK, 7y .

Gl J3in) = & KZeK" VG (Ky; i), (38)
where

= N P . -

G(K,: o) = 3 3 (GOK, + K, i) — B(Ky: i) (39)

k,

By applying the DCA condition [15, 16, 22], N. = LP, in k-space where the coarse grained
wavevectors are chosen as K, = %” a relation similar to equation (27) is introduced [15, 22].
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Since the super-cell should have the original lattice symmetry and the DCA condition gives
us a super-cell with equal sides, so the DCA condition, N, = LP, is not applicable for other
lattice structures and cannot give us a recipe for providing K, while in our method each
super-cell has the complete symmetry of the real lattice and hence its corresponding sub-zone
(coarse grained zone) in the FBZ has the FBZ symmetry. Therefore according to our EMSCA
formalism one can easily find K,, for a general lattice structure [18].

In order to obtain (_}SC(I , J; iw,) from equation (38), we should have . (I, J; iw,), for
which it is needed to have other equations to complete the self-consistency loop. These
equations are obtained by applying the EMSCA to the system partition function as follows.
The partition function of the system with the Hamiltonian equation (1) is given by

Z = (Tre P ), (40)

where (), denotes the configurational average over random energies ¢; and 67 . The partition
function, equation (40), can be rewritten as [23]

7 < f p@meS> , @1

where the action S is

b d ,
S = Z,/O dr wiaaaa/ (5,j <E — /L) + tleUO' )I//jg ('C) + Sr,i, (42)

ijoo
and S;_; is
Si= Y. f At Pio Yia UL Wio (O o (D) + Y f At Yo (1)ei8% o (1) 43)
ijooc’ ijo
+ ) / dTi6 (T)800:81]7 Yjor (), (44)
ijoo’
in which D¥ = TII;dy;,dyi, and DY = TII;dvi, d¥,,, where dy;, =

limy oo TM | Ao (Ti), d¥io = limpy—co TTM_ | d¥is (7). Equation (42) can be rewritten
as

B - -1
S = / drd7’ E Yio (G Nijoo Vo (T)) + Sei, 45)
0 ijoo’

where

d ,
Soor( 8ij| == — ) + 177 Vo (D)
J ot ij J

B . ,
- /O dt% D 8o (8ipCieon — ) #1577 ) €y ()

(27

p ~1
- / 47 (GO oo (z — T)Prjor(T), (46)
0
and the clean non-interacting Green function matrix, G (iw,), is defined by
-1 8‘7(7' . oo’ iw, (1—1’
(G ijoor(t — 7)) = 5 > (ai,,-(lwn — ) +1" )e (T, (47

By use of equation (16) the clean Green function, GY, can be expressed in terms of the average
Green function, G, and self-energy, 3, as

G =G l+x (48)
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By inserting equation (48) into (45), we have

S = /d‘r dr’ Z Vie (T) ((';—l)il.m, Vio () + Si—izs, (49)
ijoo’ ’
where
Seie= Y /dr VioVie U Wjo (D)o (T)

ijoo’

/dt dr’ 1//10'(77)506 (£:8;5 + 8t )I//ja’(f)

ijoo’

f de’ d7 Yia (O (T =)o (7). (50)
ijoo’

Now we apply the EMSCA, in which we take an average over all super-cells except
one super-cell which is denoted by {/J}. In equation (50) this is equivalent to replacing
Ui‘;”/ +050(8i6i) +5ti‘;”/) by ZZ“’(r —t’)wheniand j ¢ {IJ}. Hence equation (41) converts
to

ZeMsca = Zs / i¢{l},o (dwla d‘(ﬁla) —[drdd Y, Zij(i(l,j) Vie (‘E)((_}’l)ijoa/ Wja/(r’)’ (51)

where the super-cell partition function, Z, is given by

Ze = < / T (A0 dvrra) S5 (52)

and the super-cell action in the effective medium, S*°

5r]»

SrsC Z /d‘[ dt 1ﬁl(f(l—) ( )Ijaa’ (T - T/)I//jgf(l’/)

lJoo’
f AT Y10 V10 USS ) ¥i0 (D W0/ (T)
lJoo’
+ Z /df V16 (T)800 (81817 + 8177 Y10 (T), (53)
lJoo’
in which the super-cell cavity Green function matrix, G, is defined by
g_] = (_;S_Cl — e (54)

The matrix element of equation (54) is given by the following Dyson-like equation for the
super-cell sites,

Goell, J3im,) = G, Jsiw) + Y G, L; i) Te(L, L'; i0,) Ge (L, T i,). (55)

L,

The second part of the right-hand side of equation (51) is the super-cell excluded effective
medium partition function which is easily integrable, due to bi-linearity of the Grassmann
variables, 1/7,(, () and ¥, (r). But the partition function of the super-cell, Zs., where it
is embedded in an effective medium environment, is not integrable directly due to four
point Grassmann variables in its integrand. Many approximations, such as the Hartree—Fock
approximation, quantum Monte Carlo approximation, could be used to decouple the four point
Grassmann variables to two point variables. To see the advantages of the static version of
the EMSCA method with respect to the CPA, first we investigate a disordered system without
interaction between electrons (U ;‘C‘;J) Note that in equation (54) both the super-cell cavity
Green function G and super-cell average Green function G are causal; hence the super-cell
self-energy X is casual.
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Figure 3. A four site impurity super-cell, N. = 4, in an effective medium of mean-field super-cells.

4. Static EMSCA for a disordered system

For a disordered system where U;_‘;/J = 0, equations (52) and (53) lead to
G (1 — 7y = Gliwy) 't — T) — 8(1 — T)E*, (56)
where e is the super-cell impurity matrix, where its matrix elements are given by
€% = (81817 + 8177 )00 (57)
The imaginary-time Fourier transform of equation (56) implies that
G (iw,) ™" = Gliwy) ™" — €%, (58)
where the matrix element of equation (58) can be written as

GI™ (1, J,iw,) = G(1, J, ia),,)+Zg(I L,iw,)el, G (L', J,iw,).  (59)

The average of the impurity Green function Ger™(I, J; iw,) over all impurity configurations
{E;CJ} in the super-cell is given by
(GPU, s i) = G, I iwy). (60)
For a disordered system, equations (38), (55), (59) and (60) construct a closed set of equations
that should be solved self-consistently.
Figure 3 shows an example of a four site super-cell impurity, N. = 4, that is embedded in
an effective medium where the average has been taken over all super-cells except the impurity

super-cell. The above system of equations can be implemented numerically by the following
algorithm.

(1) Make a guess for ¥(K,,; E), usually zero.
(2) Calculate G(K,;; E) from equation (39).
(3) Use equation (55) to calculate the Fourier transform of the cavity Green function

G(Ky; E) = (G (Ky; E) + Ze (K3 E)) 7 (1)
(4) Calculate the impurity super-cell Green function Gi?p (I, J; E) from equation (58).
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Figure 4. The density of states of a two-dimensional square lattice of a binary alloy A.Bj_. at
half band filling, 7 = 1, forc = 0.5 and § = 6:° when N. = 1 (CPA) and N, = 9. We compared
the N. = 1 density of states with two cases of N. = 9, first §taa = 0, 6tag = 0 and second
Stan = 41°, 8tap = 1. For both non-hopping integral randomness cases band splitting occurred
(a metal-insulator phase transition took place), while for the other it did not (it still is a metal).

(5) Calculate the average Green function from equation (60) and Fourier transform it to the
super-cell wavevector K, space by using equation (36).

(6) Using equation (61) calculate the new self-energies X (K, ; E), go back to step 1 and
repeat the whole process until convergence has been obtained to a desired accuracy.

As an application of this method we calculate the density of states of a two-dimensional
square lattice at half band filling, 7 = 1 and § = 6¢° (where t<0ij> = 10 are the clean system
nearest neighbours hopping integrals) in which N, = 1 (CPA) and N, = 9. We assume that the
hopping integrals for both spin up and down are the same, #7;” = #;;. For the case of No =9,
we also show the effects of introducing random hopping parameters, by considering the two
cases 8tap = 0, 8tap = 0 and 814 = 410, Stap = 19, where

Stiijy = tan —1°, (62)
in which i and j are nearest neighbour sites and both are A type, and we also define
5[(,’j> = IAB — to, (63)

where at the nearest neighbour sites i and j, atoms of type A and B are located respectively.
Figure 4 shows that for the N, = 1 (CPA) and the case of N, = 9 without random hopping,
in which 8§ = 61°, we are at the band splitting regime [24, 25]. In this case at half band filling
a metal—insulator phase transition is taking place, in spite of the different gap sizes. However,
for the case of N, = 9 with random hopping 8tap = 4t°, §tap = t°, band splitting does not
take place, and thus the system is a metal. Therefore due to including randomness in both the
on-site energies and the hopping integrals, the EMSCA technique can provide more realistic
results.

5. EMSCA for a disordered interacting system

In the general case, to calculate the super-cell partition function, Z., where both interaction and
randomness are included it is possible to use the Hirsch—Hubbard—Stratonovich transformation
(HHST) [26] to decouple the interaction term and map the interaction term to an auxiliary
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Ising field. Although our method is general with respect to the interaction potential and
randomness, for simplicity we concentrate our discussion on a repulsive on-site potential,
Uf” = Udijés,—o. The HHST procedure is as follows. Divide the imaginary time interval,
[0, B], into M subintervals, At = %; hence the imaginary time at the /th slice is given by

T = l%. Therefore the discretizing of imaginary times leads to foﬂ dr = ), Ar, see for
example [27], thus,

Zge =< / M, I, (dl/'m, dyrs Y )e—sr““i> : (64)
} r—sc

{s1=11
where the super-cell action S°. is

5 = (AT Y Yo (n)

1Jll'o

_ oo rOS] &l U
X ((g 1)111[’ + (51” + 511(@ T Az + E>>5ll’+1)1//1a(fl’)~ (65)

We define the cluster impurity Green function G2® as

P | _ )\O’S]] Er U
Gimp =G Y+ 8177 +8,, | —= — ——+ —— ) |61 66
(Ge® Do =G D < 77 IJ<(AT)2 Az 2At)) 1041 (66)
By the DCA + QMC method [28] for just interacting systems an equation similar to
equation (66) is found. The average of the impurity Green function, Gy, over Ising fields and

also impurity configurations is the super-cell effective average Green function (_}SC(I Iy, ),
where is given by

(G (1, T; 1, 7)) = Goe (1, J5 1. ). (67)
The Fourier transform of equation (67) is
_ 1 . . _
Gue(Kyiiwn) = 5= D ) e TGl I 1), (68)
couoIJ

Equations (39), (55), (66)—(68) construct a closed set of equations that should be solved
self-consistently.
The algorithm for the numerical process is as follows.

(1) Make a guess for the initial cluster self-energy, (K, ; iw), usually zero.

(2) From equation (39) calculate the cluster Green function, G(K,,; iw).

(3) Calculate the cavity Green function G (K,;; iw) from the Fourier transform of equation (55),
gil(Kn; iw,) = Gil(Kn; iw,) + X(Ky; ioy).

(4) Calculate the Fourier transform of the cavity Green function,

1 . )
e 2 DG e e (69)
¢ n K,

G, J;u—1) =

(5) Calculate the new cluster Green function (_}_(I , J; 17 — 1) from equations (66)—(68).
(6) Calculate the inverse Fourier transform of G(Z, J; t; — 11/).
(7) Calculate the new self-energy X (K,; iw,) from

DK iwn) = G Ky iwn) — G (K3 ). (70)

(8) Go to step 2 and repeat the whole process until it converges.
As an application, the EMSCA method is applied to a two-dimensional interacting binary
alloy. Figure 5 shows the average density of states for the two different cases U = 0 and 2¢°

where 1 = 1, ¢ = 0.5, 8 = 219, 8tan = 2¢° and Stag = £°. In the interaction case band
splitting is taking place while for the non-interacting case it is not.
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Figure 5. The nine-sites (N, = 9) average density of states of a two-dimensional square lattice of
an interacting binary alloy A.Bj_. at half band filling, n = 1, forc = 0.5, § = 219, Stpn = 219
and 87ap = t° when U = 0 and U = 2¢°. Our results show that Coulomb interaction could lead
to band splitting at high interaction potential strength.

6. Conclusions

We have introduced a real-space effective medium super-cell approximation (EMSCA) for
random interacting systems which is equivalent to the generalized DCA including interactions
and randomness in both hopping integrals and on-site energies simultaneously for a general
lattice structure. This method is causal and preserves translational symmetry. For the case of
N, = 1, the EMSCA recovers both single site approximations, DMFT and CPA formalisms.
However, for larger values of N, the method simultaneously extends the CPA and DMFT
by including the effects of impurity multiple scattering, allowing randomness in the hopping
integrals and by inter-site correlations due to inter-site interactions. Furthermore, in the limit of
N, — oo the method is exact. The EMSCA in the special case where hopping randomness is
neglected, 8¢7¢ = 0 and U¢¢" = 0, leads to an alternative derivation of the NLCPA [17]
technique for disordered systems. This derivation completely establishes the NLCPA as
a valid and useful extension of the old and popular CPA method, which incorporates the
effects of inter-site correlations. We showed that the periodicity of the super-cell self-energies
(I, J; E) with respect to the super-cell translation vector ry, leads to the coarse graining
of the self-energies in k-space and hence the average Green function. Then by applying the
effective medium theory on the system partition function, we find two equations which relate
the super-cell impurity Green function, GP(1, J; iw,), and super-cell average Green function,
(_}SC (I, J; iwy), to the super-cell cavity Green function, G(I, J; iw,). This completes the whole
formalism of a real-space method for disordered interacting systems as a generalization of the
DCA to incorporate randomness in both hopping integrals and on-site energies simultaneously
for a general lattice structure. In the especial case of an interacting system our formalism leads
to a real-space derivation of the original DCA [15] for a general lattice structure.
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